Let 1 < p, q < ∞ and s, r ∈ R. It is proved that any function in the amalgam space 
Introduction
By a pointwise multiplier from a function space A into another function space B, we mean a function or distribution which defines a bounded linear mapping of A into B by pointwise multiplication. Pointwise multipliers arise in many different areas of mathematical analysis and its applications, for example coefficients of differential operators and symbols of more general pseudodifferential operators may be considered as pointwise multipliers. The theory of pointwise multipliers acting on several function spaces like Sobolev, Besov and TriebelLizorkin spaces have been developed by several mathematicians, among them are A. Devinatz, I.I. Hirschman, R. Strichartz, J. C. Polking, J. Peetre, V. Maz'ya, T. Shaposhnikova, and more recently by W. Sickel, T. Runst, J. Frank, and H. Koch. For the latest developments on pointwise multipliers of function spaces we refer to [11] which is entirely devoted to this topic.
In this paper we will consider the pointwise multipliers of modulation spaces M s p,q (R d ). (See section 2 for definitions). Modulation spaces are a family of smoothness spaces which are defined and used effectively by H. G. Feichtinger in early 1980s. They have origins in abstract and applied harmonic analysis. We refer to [4] and [6] for further historical and technical information about modulation spaces. Applications of modulation spaces in vast areas of mathematical and engineering problems, from signal analysis to the theory of differential and pseudodifferential operators, implies the necessity for a closer study of one of the most important operators on these spaces, namely, the multiplication operators.
One motivation for this work comes from a theorem about pointwise multipliers of Besov spaces due to H. Triebel which states that for ̺ > max{s, d p −s} any function in the Zygmund space C ̺ is a pointwise multiplier for the Besov space B s p,q . See section 2.8 in [17] for the precise statement and further results. Due to close similarity between definitions of modulation spaces and Besov spaces by Fourier analytical methods, we expect that modulation spaces might enjoy similar smooth multiplier property. The other motivation comes from a corollary in [2] which states that the space of all pointwise multipliers of the Sobolev space H
, the question arises whether a similar result holds true for other modulation spaces M s p,q . We remark that aforementioned result on pointwise multipliers of the Sobolev spaces was known, before appearing in [2] , and is due to Srichartz, cf. [15] . However, the idea of using the amalgam spaces for it's proof in [2] was inspiring to us.
In what follows we will give an answer to the questions raised above, more precisely, we prove that any function in the amalgam space
is a pointwise multiplier from the modulation space M s p,q (R d ) into itself, where 1 < p, q < ∞, s ∈ R, and r > |s|+d. Here d is the dimension of the underlying Euclidean space R d . We remark that we will not consider the theory of Fourier multipliers of modulation spaces. We just mention that the theory of Fourier multipliers of modulation spaces is considered in [5] , where a characterization of Fourier multipliers of modulation spaces, by using amalgam spaces, is given.
Preliminaries and Notations
In this section we fix notations and provide necessary definitions.
General definitions. If X and Y are two quantities (typically nonnegative), we use X Y to denote the statement that X ≤ CY for some absolute constant C > 0. Also we use X ∼ Y to denote the statement X Y X. All function spaces in this paper are considered on the d-dimensional Euclidean space R d . S and S ′ denote the Schwartz space of rapidly decreasing smooth functions and it's dual space of tempered distributions, respectively, with their usual topologies. For two function spaces X and Y , X ֒→ Y means that, X is continuously embedded into Y . F denotes the Fourier transform normalized as
which acts isomorphically and continuously on S and S ′ and is a unitary operator on L 2 . We will extensively use the weight functions
The operators of translation and modulation are defined by
respectively. Banach spaces of functions and distributions. For a Banach space A and f ∈ A, the norm of f in A will be denoted by f :
is the corresponding sequence space on Z d , and ℓ s q is the weighted sequence spaces with weight w s . For 1 ≤ p ≤ ∞ and s ∈ R, the Bessel potential space is defined to be the set of all tempered distributions f such that f :
With this norm H s p is a Banach space. Now we define amalgam spaces which play a central role in the whole theory of modulation spaces. Amalgam spaces have been defined in more general settings in [1] , which still preserves a lot of nice properties and includes as a special case the spaces defined below. Let B be a Banach space of functions or tempered distributions such that S ֒→ B and which is module over S , i.e. ∀φ ∈ S , ∀f ∈ B, φ.f ∈ B.
Let ϕ be an infinitely differentiable function with compact support such that
, the amalgam space W (B, ℓ s q ) is defined to be the set of all tempered distributions f for which the norm defined by 
is the set of all tempered distributions f for which the norm defined by
is finite. For s ∈ R and 1 ≤ p, q ≤ ∞, M s p,q is a Banach space of tempered distributions. The family of modulation spaces contains some well-known function spaces, more precisely M 2,2 = L 2 , M s 2,2 = H s 2 , the Sobolev space and M 1,1 = S • , a well-known Banach algebra in abstract and applied harmonic analysis, called Feichtinger algebra. It is possible, and also more common in time-frequency analysis texts (see [6] ), to define modulation spaces, equivalently, by using the notion of short time Fourier transform (STFT), but we found the definition given above more appropriate for our purpose. Modulation spaces are suitable spaces for many purposes in mathematical analysis and it's applications such as time-frequency analysis and PDE's. We have the following continuous embeddings between modulation spaces 
Pointwise multipliers
In the rest of this paper we will be concerned with the pointwise multipliers of modulation spaces. Let A be a function space. g ∈ S ′ is called a pointwise multiplier for the space A, if there exists C > 0 such that
for all f ∈ A. In other words, g is a pointwise multiplier if f → gf defines a bounded mapping in A. The smallest C satisfying 3.1 is called the multiplier norm of g and is denoted by g : M (A) . Depending on the function space A, one might make clear that what is meant by the pointwise multiplication in 3.1, where g or f may be singular distributions. For a discussion of this problem see [10] . Here for arbitrary f, g ∈ S ′ , we define f · g as follows: For n ∈ N, let I n = {k ∈ Z d : |k| ≤ n}. Then we define
whenever this limit exists in S ′ .
In general we will denote the space of all pointwise multipliers of a function space A by M (A). The following result on pointwise multipliers of Bessel potential spaces is due to Strichartz [15] . See also [11] for further results on multipliers of Bessel potential spaces.
As we mentioned in the introduction we will not deal with Fourier multipliers of function spaces, however, to prove the main result we will need an estimate for a Fourier multiplier for L p . We say that m ∈ L ∞ is a Fourier multiplier for L p if
for all f ∈ S . The space of all Fourier multipliers of L p is denoted by M F (L p ). The smallest constant C, such that 3.3 holds true, is denoted by f : M F (L p ) .
Here D is the differential operator, α = (
s length, and in inequality 3.4 we have used RiemannLebesgue's lemma.
We proceed the proof in 3 steps.
Step 1. We have
Step 2.
with convergence in S ′ , we have
Now by Lemma 3.2
and therefore
, and therefore we may replace i by j in 3.6. After this substitution, by using the fact |j * | ∼ 1, we see that the right hand side of 3.6 is actually a convolution of two sequences {w −r (j)} j∈Z d and
By invoking Young's inequality and using the w |s| -moderateness of the weight function w s , i.e.
we have
< ∞, and finally we arrive at
Step 3. Since the operator of multiplication is self-adjoint we have
, with equality of the corresponding norms. Finally, Theorem 3.1 together with 3.5 and 3.7 completes the proof.
By [5, Theorem 15 ] the space of pointwise multipliers of W (F L p , ℓ q ) can be characterized as the amalgam space W (M F (L p ), ℓ ∞ ), with equivalent norms. On the other hand M p,p = W (F L p , ℓ p ), with equal norms . Therefore we have the following characterization theorem for pointwise multipliers of modulation spaces M p,p .
and specifically,
(3.8)
Note that the last equality in 3.8 follows from
where M is the space of bounded regular Borel measures on R d , and the fact
In the rest we will compare Theorem 3.3 with a known result in the literature concerning the pointwise multipliers of modulation spaces. The following theorem on convolution of amalgam spaces is due to Feichtinger. See [1] for a general version of this theorem.
Since modulation spaces are, by definition, images of amalgam spaces under inverse Fourier transform, 3.10 implies that 11) which in terms of pointwise multipliers means that
Here M (M p1,q1 , M p2,q2 ) denotes the space of all pointwise multipliers from M p1,q1 to M p2,q2 . In the special case when p 1 = p 2 and q 1 = q 2 the embedding 3.12 turns to the following
The modulation space M ∞,1 , called Sjöstrand algebra, is a Banach algebra of continuous functions with pointwise product. It provides a symbol class for an algebra of bounded pseudodifferential operators on L 2 (and also on all modulation spaces) which has the spectral invariance property. See [14] and [7] for properties and applications of M ∞,1 in the theory of pseudodifferential operators. To see how much W (H s p , ℓ ∞ ) and M ∞,1 are closed to each other, at least set theoretically, we prove the following embeddings. To this end, let {ψ n } n∈N• be the dyadic partition of unity used in the definition of Besov spaces. Let N n = {k ∈ Z d : supp ϕ k ∩ supp ψ n = ∅}. Then
The second embedding follows from embeddings of amalgam spaces as in [3, Theorem 9] .
(ii) For k ∈ Z d , T k is an isometry on W (H s p , ℓ ∞ ) and ϕ ∈ S is a pointwise multiplier for H (This embedding can also be deduced from the localization property of H s p , see [15] .) We prove the second embedding. By [13, Lemma 1] , the modulation space M ∞,1 is locally the same as F L 1 , i.e. (M ∞,1 ) loc = (F L 1 ) loc . Therefore W (F L 1 , ℓ ∞ ) = W (M ∞,1 , ℓ ∞ ). Now (i) and the embedding properties of amalgam spaces proved in [1] will give the result.
Remark 3.7. The embedding 3.14 used in the above proof is new and it is not comparable with existing embeddings of modulation and Besov spaces in [16] and [12] . It is stronger than the embedding of Heil, Ramanathan and Topiwala in [9] and [8] , which states that B ̺ ∞,∞ = C ̺ ֒→ M ∞,1 , whenever ̺ > d.
